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Abstract 

We investigate the spin contribution to light baryon ground states in three inequivalent large- 
N limits: 't Hooft, QCD antisymmetric and QCD symmetric. Our framework is a constituent 
quark model with a relativistic Hamiltonian containing a stringlike confinement and a one-gluon 
exchange term. Two spin-dependent potentials are considered and treated as perturbations: the 
color magnetic interaction stemming from the one-gluon exchange process and the chiral boson 
exchange interaction. We analytically prove that the spin contributions scale like S{S + l)/nq, 
where S is the total spin and Uq is the number of quark, in agreement with diagrammatic methods. 
Both potentials yield also 5- independent contributions which scale at most as 0{nq). 
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I. INTRODUCTION 



The large- QCD approach is based on the replacement of the usual color group SU(3) 
by the group SU(i\Q with a large arbitrary value A^, allowing a perturbative expansion of 
the theory in 1/iV 1|. Relevant results can only be obtained if the real QCD {N = 3) is not 
too different from the idealized world with large A^. Surprisingly, it seems to be the case, 
taking into account the numerous successes obtained within this framework [211. Moreover, 
current lattice calculations also strongly support this idea (see e.g. the review [3|). 

In the original proposal by 't Hooft Jj, denoted here QCDp, the quarks are in the 
fundamental representation of SU(A^) and the strong coupling constant as is such that the 
quantity ao = as N remains constant for any value of A^. In this framework, a baryon 
is made of A^ quarks in the totally antisymmetric color singlet and the number of flavors 
remains flnite while N ^ oo. It has been shown by diagrammatic methods that the baryon 
mass thus scales as A^ at the dominant order 4, IS] . Later, Veneziano proposed a scheme 
in which the number of flavors grows like A^ [gI. This new theory remains planar, but the 
internal quark loops are no longer suppressed as in the 't Hooft limit. 

Actually, the generalization of QCD to arbitrary numbers of colors is not unique, the 
main criterion being that the considered SU(A^) gauge theory has to be equivalent to QCD 
when A^ = 3. For instance, a limit has been studied in which the quarks are in the two index 
antisymmetric representation of SU(A^), which is equivalent to the fundamental representa- 
tion for A^ = 3. Denoted here QCDas, that limit interestingly leads to a theory equivalent 
to A/" = 1 supersymmetric Yang-Mills when one light quark is present, as shown in j?]. In 
this framework, a baryon is made of A^(A^ — l)/2 quarks in the totally antisymmetric color 
singlet js] and its mass scales as A^^ at the dominant order as shown in jo] by diagrammatic 
methods, mostly for heavy quarks. In the same way, the quarks can also be considered in the 
two index symmetric representation of SU(A^) [8|]. Denoted here QCDsym, this model is not 
equivalent to QCDf for A^ = 3, but it is equivalent to some extent to QCDas when N ^ oo 



7|. In this case, a baryon is made of A^(A^ + l)/2 quarks in the totally antisymmetric color 
singlet and its mass is expected to scale as A^^ at the dominant order jsj. Taking quarks in 
the two index symmetric representation is interesting since QCD-like theories with fermions 
in higher representations may be used in the so-called technicolor models 10|. Other limits 
exit [llHl3|, but as explained in Sec. Ill A4| they are not relevant for the model we use. So, 
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they will not be considered in this work. 

The behavior with of several static properties of baryons (mass, size, contribution of 
strange quarks) have been predicted using nonrelativisctic potential models for heavy quarks 
systems [4]. Using diagrammatic methods, it was also suggested that the same results should 
hold for baryons made of light quarks. In the framework of a constituent quark model first 
suggested by Witten [4j\ (Hamiltonian with relativistic kinetic energy, stringlike confinement, 
and one-gluon-exchange term), we analytically proved that the static properties of light 



baryons scale as expected jlj]. These results has been obtained using the auxiliary field 



method {A. 
considered 



M) to obtain analytical upper and lower bounds of the A^-body Hamiltonian 



15- 



In this work, our purpose is to compute the A^-behavior of the mass contribution for light 
baryons due to the spin S. We focus only on the ground states containing solely u and d 
quarks. The idea is to treat the spin-jdependent interaction as a perturbation of the Hamil- 
tonian used in our previous work [14]. Three different hmits are studied: QCDf, QCDas, 
and QCDsym- Two spin-dependent potentials are considered: the color magnetic interac- 
lon stemming from one-gluon exchanges jw| and the chiral boson exchange interaction 



20| . In Sec. [TTl we describe the baryon wavefunction for the different large- limits. The 
spin-independent Hamiltonian is presented in Sec. IIIII with its approximate analytical solu- 
tions obtained in the framework of the AFM. The contributions of the two spin-dependent 
potentials are computed in Sec. IIVI Some concluding remarks are given in Sec. |Vl 

II. BARYON WAVEFUNCTION 

The baryon wavefunction for Ug quarks |0) is given by the product of a color part \4>c), 
a space part \(f)x), and a flavor-spin part 

10) = |0C) (1) 

A. Color wavefunction 

The color state of the baryon is a singlet one and it is taken completely antisjnnmetrical 
for the permutation of the Uq quarks. This symmetry is imposed in order that the large- A^ 
baryon is the most similar possible to a A^ = 3 baryon (for QCDas and QCDgym, several color 
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singlets are possible [8|). In this case, each pair of quarks is in the same antisymmetrical 
color configuration for the permutation of the two quarks. The color exchange operator 
has the same value Fgg for each pair, i.e. 

= 2 ^^<ii ^ 2Cg) . (2) 
In this relation, Cg (Cgq) is the value of the quadratic Casimir operator for a quark (a pair 



of quarks). These values can be computed with standard formulas 2l|, |22|. The number 



9 



depends on the color representation chosen for a single quark. We consider here 3 different 
limits, whose color parameters Uq, Cq, and Fgg are gathered in Table [H From this Table, it is 
clear that the QCDp and QCDas schemes give identical numbers for = 3, while QCDas 
and QCDsym schemes give identical numbers for N ^ oo. As a pleasant feature, we have 
Fgg = —2/3 for the three cases when = 3. 

TABLE I: Color parameters for various large-A limits. 





QCDf 


QCDas 


QCDsym 


Ug 


N 


N{N-1) 
2 


N{N+1) 
2 


c. 


2N 


(Af-2)(Af+l) 
N 


{N-l)(N+2) 
N 




N+l 
2N 


2 

N 


2 

N 



1. QCDf limit 

In the first limit proposed by 't Hooft jlj , the quark is in the fundamental representation 
of SU(N) EH and it is necessary to gather Ug = N quarks to form a color singlet. Each pair 



is in the antisymmetrical representation 



and F, 



-{N + 1)/{2N). This limit has been 



extensively studied and has yielded numerous significant results 



mi- 



2. QCDas limit 



In this limit, the quark is in the representation E and an unique color singlet completely 

. Each pair must be in the antisymmetrical 



antisymmetrical exists with Ug = ^^-^ 



representation for the exchange of two quarks. The only possibility is I I whose dimension 
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is ^{N — 2)(A^ — 1)A^(A^ + 1). One can check that this number is equal to \nq{ng — 1) and 
that = -2/N. 

3. QCDsym limit 



In this hmit, the quark is in the representation I I I and an unique color singlet completely 
antisymmetrical exists with Ug = ^^^"'"^^ [s^. Each pair must be in the antisymmetrical 

representation for the exchange of two quarks. The only possibility is I I whose dimension 

is |(A^ — 1)A^(A^ + 1)(A^ + 2). One can check that this number is equal to \nqijiq — 1) and 
;hat Fqq = —2/N. Such a baryon may be called a "technibaryon" in technicolor approaches 
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4- Other limits 



In the Corrigan-Ramond limit 12j, baryons are three-quark states for any value of A^: two 



quarks are in the fundamental representation and one is in the (A^ — 2)-indice antisymmetric 



representation. We have shown in 1J|, that this limit cannot give relevant results for the 
main contribution to the baryon masses in the framework of a constituent model. So we 
choose not to investigate the Corrigan-Ramond limit for spin effects. Let us note that 
another limit which is somewhat in between the QCDp and Corrigan-Ramond ones has also 
been proposed [l^, but it is out of the scope of the present work since it requires a formalism 
in which quarks are Dirac spinors. 

It has been also proposed a limit in which quarks are in the adjoint representation of 
SU(A^) (QCDAdj) [111]- A stable skyrmion whose mass scales as 0(A^^) can exist within 
this framework, but the connection with the baryonic sector is not still clear. Such a limit 
presents also some unpleasant features: the adjoint representation has the dimension 3 for 
N = 2, not for = 3; a color-singlet can already be obtained with only two quarks; no 
antisymmetrical color function with two adjoint quarks exists. Moreover, among all possible 
color functions for two adjoint quarks, none is such that Fqq is negative and ~ 0(1/A^). It is 
then impossible to obtain a baryon mass which scale as 0(A^^), as expected. So, we prefer 
not to investigate more this peculiar model. 
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B. Space wavefunction 



The auxiliary field method (AFM) can yield approximate solutions (eigenvalues and eigen- 
vectors) for a system with an arbitrary number Uq of identical particles 15l-ll8| (Most of the 
results presented in this section come from 1^, but we use here the more convenient nota- 



tions developed in 16|-18|). Within this method, the space part of an eigenstate is given by 
the product of {ug — 1) oscillator states 



rio-l 



(3) 



i=l 



where rij and li are internal radial and orbital quantum numbers (the magnetic quantum 
numbers are omitted), and where Xi is a Jacobi coordinate and Aj is a scale parameter 



A,; 



——rnqQ — . 
t + l ro 



(4) 



The global quantum number Q is given by 



Q = K + -{uq - 1) with K = ^ (2 + k 



(5) 



where K is the band number. The parameter ro is a kind of mean radius value for the 
system. It is the solution of a transcendental equation which depends on the kinematics, 
the interactions and the number of particles. For some well chosen structure of the Hamil- 
tonian, an analytical form can be computed for tq. Within this framework, each particle is 
characterized by a mean momentum pq given by 



Po 



Q 

To' 



(6) 



The state has neither a defined total angular momentum nor a good symmetry, but it 
is characterized by a parity (—1)^^. By combining such states with the same value of K, 
it is possible to build a physical state with good quantum numbers and good symmetry 



properties 



23| . but the task can be technically very complicated, even for = 3. Note that 



the ground state (GS) is given by 



Ua — l 



(7) 



4 = 1 
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with Q = |(ng — 1) and A, = y^tC'?)^^' where the number of quark pairs "''^"^^ is 
denoted by the binomial coefficient ('^') . Let us recall that 

\P J p\{m — p)\ 
The GS is a completely symmetrical positive parity S-state. 



C. Flavor-spin wavefunction 

For the GS, the flavor-spin part \4>fs) of the wavefunction must be completely symmet- 
rical. Flavor (F) and spin (S) are then associated with the same representation [z] of the 
permutation group for Ug particles, and we can write 

\<pfs) = ^-L^ j2\^[zmsm), (9) 

where the sum runs on the various standard tab leans indicated by Yz. The numbers of these 
tableaus is the dimension (i[S„^][2] of the representation [z] for the permutation group S„^. 
For baryons composed of u and d quarks only, this implies the equality of the spin [S) and 
the isospin (T), like for the baryons and A (in the following, we always use S to present 
the results). The associated representation [z] is jsj 



2S columns 
□ 



(10) 



n„-2S , 

— columns 



with Ug boxes, where 25" and Ug are odd numbers in order that the baryon is a fermion. 
(i[S„g][2] and the dimensions of this representation with respect to SU(2) [spin] and SU(3) 
[flavor] are given by: 

<i|SC/(2)][,, = 2S + 1, (12) 

4SUi3)U = Pg + l)K-2g + 2)K + 2g + 4) j^3^ 
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These numbers can be computed by well known formulas 22(]. One can check that usual 



dimensions of the real QCD world are recovered with Ug = 3 for which 5* = 1/2 or 3/2. 



In the following, it will be necessary to determine the number of standard tableaus with 
the pair 1-2 in a symmetrical (c^iSn^]^^^™) or antisymmetrical ((ifSn^]!^^) state. This corre- 
sponds respectively to the following configurations: 



1 


2 




and 


1 












2 







(14) 



In the last case, the other numbers 3, 4, . . . , are placed in the standard tableau in the 
same way as the numbers 1, 2, . . . , nq — 2 can be placed in a tableau whose representation 
[z'] is the same as ffTOj) but with the first column removed. So, c^iSnJj^^ is equal to (i[Sn,-2][2']- 
Obviously, c^iSnJ^™ = c^Pn^Jiz] — c^iSn^Jr^p We can then write more precisely 



>FS 



1 



Y.\F[z]Yt^)\S[z]Yi^'') + \F[z]Y!n\S[z]Y!n 



(15) 



Sym 



where the c?[SnJ[^^ ("^[SnJ^^^™) indexes Y^^ (Y^^"^) correspond to configurations with a pair 
1-2 antisymmetrical (symmetrical). Let us call /3 the ratio 

^[Snjj^f n, + 2 S{S + l) 



/3 



(16) 



^[SnJw 4(nq - 1) riq^riq - 1) ■ 
If Ai2 is a spin-flavor operator acting on the pair 1-2 and \9) a n^-body state with this pair 



such that 5*12 = T12 = 9, then 

{(pFs\Ai2\<pFs) = (3{0\Ai2\0) + (1 - (3){l\Au\l). 
The normality condition is recovered with A12 = 1. 



(17) 



III. SPIN-INDEPENDENT HAMILTONIAN 



The spin- independent Hamiltonian considered here was flrst proposed by Witten and it 
is used in [l^, where justifications for its structure are detailed. It is written 

i=l '-' i=l i<j=l ' 

The kinematic is semirelativistic with a vanishing mass for the quarks, since only u and d 
fiavors are considered here. The confinement is insured by one-body linear terms and the 
one-gluon exchange interaction is taken into account (the one-boson exchange interaction 
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will be presented in Sect. HVBjl . The string tension a (0.15 GeV < cr < 0.20 GeV) is A^- 



independent up to corrections in 1/A^^ 24 1. = ^2n^ Casimir operator for the 

fundamental color representation. The strong coupling constant is given by a^/N where 
OiQ («o ~ 1) is the 't Hooft coupling also independent of A^. The color parameters n,, C^, 
and Fqq appearing in this Hamiltonian are gathered in Table |T] for the three large- limits 
considered here. From this Table, it is clear that the Hamiltonian is the same for the QCDp 
and QCDas schemes for = 3, while it is the same for the QCDas and QCDsym schemes 
for A^ — > oo. 

The AFM equations can be solved analytically for Hamiltonian (fT8|) . and ro is given by 



To 



\ 



^",0+('l'V''V„^l. (19) 



C,<T \ V 2 / iV 



So, within tills approximation, the baryon masses are given by the following formula jlj] 

(20) 



Mn 



A 




Formula ( 120|) is a generalization (to an arbitrary number of particles and to a non small 

1 ' 

value for ao) of relations obtained in [25|. It is an upper bound, but it was shown in [14 1 
that the lower bound for the GS has the same behavior in A^. So we are confident about the 
results for N oo obtained by this kind of formula. 

More precisely, the dominant contributions for the GS within the various limits N oo 
are: 

= N^a(6-^y (21) 

J^^QCDaS _ J^^QCDSyrn _ ^ (l2- 2^2 00). (22) 

As expected and already shown in IJ], Mq always scales as n^, although this point is non 
trivial in the light quark case. The reduced baryon GS masses per quark for finite A^ values 
are given in Fig. [T]for ao = 0. For finite value of ao, the behavior is similar but the masses 
are lowered. It has to be remarked that QCDas, QCDsym, and QCDAdj theories can be 
shown to be equivalent at large A^ [3]. This so-called orientifold equivalence a priori holds 
for charge-conjugation invariant sectors of the theory. While the meson masses are logically 
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found to be compatible in the QCDas, QCDsym, and QCDAdj limits [26|, the present result 
was not expected a priori since the baryonic sector is not charge-conjugation invariant j27 |. 

Only the dominant contribution to the baryon masses is given by fl2T|) and fl22l) . Several 
corrections are expected from different sources. Parameters a and ao are not supposed to 
be real constants with respect to N . All interactions, depending on spin or spin-orbit for 
instance, are certainly not included in the Hamiltonian f llSp . Other quantum mechanisms, 
such as self-interaction, are not easily simulated by potential models. Nevertheless, none of 
;hese effects is expected to modify strongly the dominant scaling expressed by (^11) and 
J]. Moreover, the presence of Ug {us <^ Uq) strange quarks with a small mass (m^ < ^/a) 
can be treated as a perturbation and does not modify the dominant mass scale of the baryon 

Q. 




FIG. 1: Baryon GS masses per quark in ^/a unit for three large-A^ limits, with oq = 0. In order 
to guide the eyes, N is considered as a continuous variable. 



IV. SPIN CONTRIBUTIONS 

The spin contributions to baryons considered here are two-body forces Wij and will be 
treated as perturbations. As the GS is completely symmetrized, we can write (see Ap- 
pendix 

{W)= i:(W^.,)= (''2')(W^i2). (23) 

i<j=i ^ ^ 
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The pair 1-2 is chosen because Vi — r2 = = Xi [15[, and the use of only one Jacobi 
coordinate simphfies greatly the calculations. In the real world, the mean mass of the A and 
the nucleon is around 1 GeV, while mA — ~ 0.3 GeV. So we can ask if the perturbation 
treatment is really pertinent. Moreover, these spin interactions vary as 1/m? where m is 
the quark mass: with the vanishing mass used here, the interaction should blow up. How 
to cure these potential flaws of the model? 

First, in the large- limits, the spin-independent mass scales as rig, while the spin correc- 
tion is expected to scale as l/n^. So, the spin contribution must become less and less large 
as N increases, justifying a priori a perturbative treatment. Second, the 1/m^ dependence 
comes from a genuine nonrelativistic limit of the exchange diagrams. A better approxima- 



tion should be to replace the term 1/m by the operator l/yp^ + m? which is always finite, 
even for vanishing quark masses [3]. As this operator is very complicated to use, it will be 
replaced in our work by l//iO) where /zq is the auxiliary field associated with the kinetic part 
of the Hamiltonian. This quantity is such that /Xq = (p^ -t- m?) for the state considered. It 



can be shown that /^o = \/p'q + with po given by ([6]) |l5 |. 

In mass formulas issued from large- A^ works, the spin contribution is proportional to S^, 
with S = Yll=i while the sum on pairwise operators Sj ■ Sj appears in potential models. 
The link between these two approaches is given by 

riq / rig \ 

j:^^--.=l[s'-j:^n- (24) 

i<j=i \ i=i / 

A. One-gluon exchange 

The spin-spin interaction coming from the one-gluon exchange (OGE) interaction is well 



known and its form can be found in many textbooks (see for instance 19|, |20|). As explained 
above, we replace the 1/m^ term by 1/yUo- With constant factors replaced by a generic 
constant A = 8tt/3 and the strong coupling constant as replaced by ao/N, the form retained 



IS 



W^,^^ = -^^6'{n2)F,,s,.S2. (25) 

flQ iV 



As this potential is treated as a perturbation, the delta distribution gives a finite result. Note 
that to reproduce correctly the spin splitting with the OGE mechanism, it seems necessary 
to take into account the running character of the coupling constant and subtle relativistic 
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corrections 



. Such detailed features are not relevant for our purpose. 



The various factors of {W^ ) can now be computed. In our case, = Po = Q /tq with 



ro given by f jT9|) . All the color factors are equal, so F12 
of the Dirac distribution is given by 



Fqq. For the GS, the mean value 



b^{GS)\5\r^2)\MGS)) = (0,0,Ai,a;i|(53(xi)|0,0,Ai,a;i) 



A? 



TT 



3/2' 



(26) 



with Ai given by (j4j). The last result is obtained using the properties of the harmonic 
oscillator. Using f l23|) and f l24|) . it is easy to show that 

45(5+ 1) -3n, 



(27) 



This relation can also be obtained from (fT6|) and (|T7|) . Though we only consider states with 
S = T, formula fl271) is due to the spin number S alone. Putting all the results together, we 
find 

aoA F12 n„ 



Q 



-o 



'19 ^ 

12 N 



[45(5+1) -3nq 



(28) 



8v/67r3/2 iV n,-l^ 3+ (n,)V2^^ 

Using the values in Table [H the spin contributions for the various limits can be computed. 
In particular the dominant contributions for — )■ 00 are given by: 



27r3/2 



6(12- 72 ao) 



5(5 



3/2 



(7 



3 

' ~ 4 

5(5 + 1 
Ar2/2 



+ 



1 

iV 
3 
4 



+ 



(29) 
(30) 



6(6 - 72 ao) 

Only the dominant 5-dependent and 5-independent contributions are indicated. We con- 
sider that higher order corrections are not fully relevant since some parameters are given at 
their dominant order only (oq and a). For each limit, we see that {W'^'^^) oc 5(5 + l)/nq 
for A^ — 7- 00, as expected. But, it appears other terms which are 5-independent. These 
particulars contributions are unavoidable in the framework of a potential model. They are 
not really disturbing to fit the parameters of the mass formulas since they can be absorbed 
in the various terms of the large- A^ expansion. Such a large- A^ behavior was already shown 
for nonrelativistic constituent quark models 29 1. 

The sign of iyV'^^^) is controlled by the factor [45(5 + 1) — 3ng] since F12 is always 
negative. The contribution due to the spin always increases with 5: for 5 = 1/2, it is 
negative; for 5 = 3/2, it is strictly positive only for Uq = 3, and for the maximum value 
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S = ng/2, it is positive. The dominant contribution of the spin is of order 0(1) for all 
large- limits. As, the baryon mass is at least of order O(A^), a perturbative calculation is 
justified when N oo. 



B. Chiral boson exchange 

The chiral boson exchange fCBE) mechanism has been proposed as an alternative to the 
one-gluon exchange process [20, 3^- Based on the approximate chiral symmetry of QCD, 
it can yield very good baryon spectra. In particular, it is possible to solve the hierarchy 
problem between the positive and negative parity partners for excited nucleons. As our 
purpose is only to check the A^-dependence of this interaction, we will consider the simplest 
representation of the most important component of the potential that is mediated by the 
octet of pseudoscalar bosons. In the SU(3)f invariant limit, we can write 



R \F \F 



W^iT" = ^ / ^^^^(n^) ^1 ■ - (31) 



with the constant B = l/(37r) and the usual 1/m^ term replaced by 1//Uq. The operator 
Af ■ Af/4 is acting in the flavor space, and the radial part of this interaction is given by 

— Ax 

V^c^^(a;) = A^^ 47i6^{x). (32) 

00 

Again, as this potential is treated as a perturbation, the delta distribution gives a finite 
result. The parameter g is a. coupling constant whose A^-dependence is discussed below. 
The quantity A is the common mass for the pseudoscalar bosons in this simplified model. 
So, we can expect that < A < m^. As a meson mass is, at the dominant order, constant 
within large- A^ models, this parameter is assumed to be independent of A^. Note that in 
this framework, no gluon exchange has to be considered. So, we set ao = in f|T8l) for this 
model. 

The coupling constant g is given by the following formula 

9 = m^^, (33) 

where gA is the quark vector axial coupling constant, fj, is the pion decay constant, and 
m„ the effective mass of the quark u. In the context of our semirelativistic Hamiltonian 
( ITSjl . we identify with fiQ. So in g"^ simplifies with the l/fJ^l quantity in ( ^1]) . The 
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problem is to find the A^-dependence of tlie remaining factor in g. In Appendix 



some arguments supporting the fact that ~ C)(^g) i^i agreement with 



9 A ~ 0(1) in agreement with 
to set 
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3ll, 



HI we give 
32| . and that 

33|. So, we propose to take qa as a pure constant, and 
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A(iV) = A/y/.(3), 



(34) 



where /7r(3) = 131 MeV. This normahzation insures a correct physical value when = 3 
for both QCDas and QCDp since = 3 in these cases. This seems compulsory for QCDas 
which is equivalent to QCDp for A^ = 3. On the contrary, there is no strong argument to 
impose such an equivalence between QCDsym, for which riq = 6, and QCDp (see Fig. [T]). It 
seems preferable to preserve the equivalence between QCDas and QCDsym when N ^ oo. 
For the GS, the mean value of the radial potential is given by (ri2 = Xi) 



{MGS)\V''''''ix,)\MGS)) = WiA,\i 



2Ai(A2-2A2) 



A^ exp 



A^ 
4X1 



erfc 



A 

2A^ 



(35) 



with Ai given by (jlj). The last result is obtained using the properties of the harmonic 
oscillator. The sign of such a quantity is not obvious. It can be checked that for physical 
(positive) values of the arguments, W{A,Xi) is always negative, even if its magnitude can 
largely varies. Using (fT6|l and (fTTI) . one obtains 



Af ■ Aj 



■Si ■ S2 



3ng{3n^ + 2) -20S{S + 1] 



(36) 



This formula is in agreement with the results from [20|] for Uq = 3 and both S* = 1/2 and 
3/2. The spin-flavor operator of the CBE interaction acts in such way that it is not possible 
to disentangle the contributions from spin and isospin. Remember that we consider here 



only states with S = T. Putting all the results together, we find 

9\B 



32/2(3) n, 



■W A 




[3nq{3ng + 2) - 20 S{S + 1)]. 



(37) 



Using the values in Table HI the spin contributions for the various limits can be computed. 
In particular the dominant contributions for N oo are given by: 



CBE\ 
AS / 



8/.^(3) 



W{A, v^) 



S{S + l) 



N 

Vr(A,v^)| 



9 

—N 
20 

5(5+1) 
A^V2 



+ 0(1), 

9 N^' 



+ 0(Ar), 



(38) 

(39) 
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where it is taken into account that Vr(A, Ai) is always a negative number. Only the dominant 
S'-dependent and S'-independent contributions are indicated. We consider that higher order 
corrections are not fully relevant since some parameters are given at their dominant order 
only {gA, fn{N), A, and a). For each limit, we see again that (W^^^) oc S{S + l)/nq 
for N ^ oo and that terms appears which are ^-independent. Again, they are not really 
disturbing to fit the parameters of the mass formulas since they can be absorbed in the 
various terms of the large- expansion. 

The sign of {W^^^) is controlled by the factor [20^(^ + 1) - 3^,(3^^ + 2)] since W{A, Ai) 
is always negative. The contribution due to the spin always increases with S but it is 
negative from S* = 1/2 to S* = nq/2. The dominant contribution of the CBE interaction and 
the baryon mass are both of order 0{nq). Following the above results, we have: 



For reasonable values of the parameters, the ratio {W'^^^) /Mq is around 30%, as for the 
experimental case. Contrary to the situation for the OGE potential, the large- A^ limit does 
not reduce the magnitude of the CBE interaction with respect to the dominant Hamiltonian 
ffTSj) . So, a perturbative calculation seems less justified for this spin-dependent potential. 

C. Summary 

The balance sheet of the various effects leading to the universal behavior S'^/uq, whatever 
the spin-spin interaction, is interesting to make. The contribution of the integral over the 
space part of the spin-spin potential is of order 0(1). This is expected since a baryon with 
Hamiltonian f|T8l) has a quasi constant size with A^ |lj]. The contribution of the quark 
effective mass /iq is also of order 0(1). This is also not a surprise since the mass of the 
baryon, which scale clS Tiq^ IS always proportional to Uq fiQ. The (flavor-)spin operator for the 
pair 1-2 is always proportional to l/('^'') and this factor is compensated by the factor ("g') 
coming from the sum over all the pairs. Finally, the A^-dependence comes essentially from 
the remaining factor: the strong coupling constant times the color operator, Fi2ao/N, for 
the OGE; the coupling constant for the CBE. Despite their very different origins, both 
quantities scales as l/riq for each large- A^ limit considered here. 




(40) 



3g\\W{A,VU)\ 
32 7r/2(3) 



(41) 
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V. CONCLUDING REMARKS 



In this paper, we have computed the A^-behavior of the mass contribution for the hght 
baryons due to the spin S, in the framework of a constituent quark model. The spin- 



1^ 



independent Hamiltonian considered here was first proposed by Witten and used in 
where it is fully described. The kinematic is semirelativistic with a vanishing mass for the 
quarks, since only u and d flavors are considered. The confinement is simulated by a sum 
of one-body linear terms and the one-gluon exchange interaction is taken into account. The 
idea is to treat the spin-dependent interaction as a perturbation of this Hamiltonian. All 
computation are approximate but analytical thanks to the use of the auxiliary field method 
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18| . Two spin-dependent potentials are considered: the color magnetic interaction stem- 



„.ing fro,n one-gluon exchanges M and the chW bo=on exchange interaction M- 

Three different large- limits are studied. In the first limit proposed by 't Hooft [1[, a 
quark is in the fundamental representation (QCDp) of SU(N) and it is necessary to gather 
Ug = N quarks to form a color singlet. The second considered here is the antisymmetric one 
in which quark are in the two index antisymmetric representation (QCDas) of SUfiV) and 
form an unique color singlet completely antisymmetrical with Ug = N{N — l)/2 8|, |9|. In 
the last one studied here, a quark is in the two index symmetric representation (QCDgym) of 
SU(A^) and an unique color singlet completely antisymmetrical exists with = A^(A^ + l)/2 

^' n 

Even if approximate analytical results are obtained, we have shown in [1^ that the A^- 
behavior of the solutions are correct when N ^ oo. Within our model, the results are the 
same for the QCDp and QCDas schemes for = 3, while they are the same for the QCDas 
and QCDsym schemes for A^ — t- oo. This is in agreement with the results in js^, where it 
has been shown that predictions for baryon mass relations obtained with QCDp and QCDas 
limits are both in agreement with experimental data. 

We focus only on the ground states containing solely u and d quarks, and thus global 
spin S and global isospin T of the baryons are the same for symmetry reasons. As we 
consider only S = T states, it is not possible to disentangle the contributions coming from 
spin and isospin. However, it could be interesting to study in future works other states with 
S ^ T, since isospin-dependent operators could play an important role for the masses of 



some multiplets 



35|. 
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The main result of this work is that the 5'-dependent mass term for hght baryons is 
proportional to S{S + l)/ng when oo, as already shown from diagrammatic methods, 
mostly valid for heavy quarks. It is obtained for both the one-gluon exchange mechanism 
and the chiral boson exchange potential. Despite their different origins, both contributions 
are characterized by a strength varying as 1/nq for each large- iV limit considered here. 
These interactions yield also S"- independent contributions which behave very differently. 
For the one-gluon exchange mechanism, the corresponding contribution scales as 0(1). So 
a perturbative treatment is fully justified when N — )■ oo, since the baryon mass scale as 
0{nq). For the chiral boson exchange potential, the corresponding contribution scales as 
0{nq). In this case, the limit N ^ oo does not influence the quality of the perturbative 
treatment. From our point of view, it is not possible to prefer one interaction with respect 
to the other on the basis of our results. For instance, the S'-independent contributions can 
be absorbed in various terms of baryon mass formulas. We prefer to focus on the fact that 
both potentials gives the expected term proportional to S{S + l)/nq. We think that this 
work and the previous one |l4i| validate our approach to study baryons in various large- iV 
limits. Since approximate analytical baryon eigenfunctions are available with our method, 
a lot of observables can a priori be computed. 
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Appendix A: Mean values for completely symmetrized states 

Let us note |0) a n-body state completely symmetrized, that is to says that 



where Pij is the operator permuting particles i and j. If Ki is a one-body operator, we can 
write 




(Al) 



(A2) 



Similarly for a two-body operator Wij, we can write 




(A3) 
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for any numbers i ^ j and k ^ I. So we can write, for instance, that 

n 

(0|^ir,|0)=n(0|Ki|0), (A4) 



i=l 



E w.M) = [^Ymi2\<t^)- (A5) 
i=i<j 



Appendix B: Scaling of qa 



Let us first repeat the analysis of Witten _4|] about mesons, but with quarks in a repre- 
sentation of dimension d of SU(A^). If J{p) is an operator creating a meson with momentum 
p, then the matrix element (0| J(p) J(— p)|0) is represented by a loop of one quark-line. This 
line being characterized by d degrees of freedom, the matrix elements is of the order of 0{d). 
On the other hand, we can write 

(0|J(p)J(-p)|0) = J]-^^, (Bl) 

where is the mass of the fcth meson, and = {Q\J{p)\k) is the matrix element for 
creating the fcth meson from the vacuum. Since ~ 0(1), we must have ~ 0{-\fd). In 
particular this must be true for the pion, and then /,r ~ 0(75). This is in agreement 



with the results of 



32| 



The constant qa can be computed by the Adler-Weisberger sum rules 

^-9\ = — T — (a_(u;)-a+(a;)), (B2) 



where the pion is assumed to be massless, and (J±{uj) is the total cross section for scattering 
of 77^ of energy on a up quark at rest. The dominant contribution to this quantity is of the 
order of 6'^, where 9 is the quark-meson coupling constant [31]. The meson-baryon scattering 
is then a process of the order of 9'^ d, if the baryon is composed of d quarks. But, if the 
meson is considered as two quark-lines with one line exchanging a gluon with one quark-line 
in the baryon, this process is of the order of 2 0:5 d. So, we must have 9 ~ y/os ~ 0(A^^^/^). 
Finally, we have 

l-gl-f^9'r^0id/N'). (B3) 

Within our model, we can identify d with the number Ug of quarks in a baryon (see Sect. Ill Al) . 
So, 1 - c/i is at most of the order of 0(1), since ci = iV for QCDp, d = N{N - l)/2 for 
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QCDas, and d = N{N + l)/2 for QCDgy^. 
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